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Abstract 
In this note we evaluate multiple integrals that play a crucial role in the theory of 
irrationality of zeta function.  
 
 
By generalizing Beukers arguments in [1] we prove     
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Hence we have 
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by induction is  
1
00
1 1
( )
1
n
z k
n
j
z j k
x P x dx
z k z k j
+
=
 − + +
=  + + + + 
∏∫ : (2) 
 
From Taylor’s expansion theorem we get the result.  □ 
 
There is a interesting note here. If we want to use other polynomials except nP  we set 
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And a more general result read as 
 
Theorem.  Let 
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Example. 
These generalizations with proper conditions give rise to some interesting results. For 
example if we consider the case r = 3, v=2 then we get that exists sequences A(n), 
B(n), G(n), 5nd ∈ℕ  such that  
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Hence if we assume that 4 , (5)π ζ  are both rational the quantity Q 
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Hence 0 ( ) 1Q n< <  and ( )Q n ∈ℕ , contradiction.  
 
Thus for to prove that the numbers 4 , (5)π ζ , are not both rational we only have to 
prove that 
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ote: It is known that there exists constant M such that (1, 2,..., ) nlcm n Me< .  
 
In general for every v, r such that  
( )
0 0
0
1 1
( 1)
rv n
r v n
v r
k j
z
d z j k
e
dz z n k z j k
∞
+
= =
=
  − + +
   + + + + +  
∑ ∏ is as small as we want, for large n, 
then the constants involving in  
1 1 1
1 2
1 2 1 2
1 20 0 0
( log( ... ))
( ) ( ) ... ( ) ...
1 ...
v
r
n n r r
r
x x x
P x P x P x dx dx dx
x x x
− ⋅ ⋅
⋅ ⋅
− ⋅ ⋅∫ ∫ ∫⋯  
must have among them at least one irrational. 
 
In general the same things hold with an arbitrary polynomial R, with integer 
coefficients. 
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